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For a non-relativistic particle subject to a Hamiltonian that is quadratic in position and momen-
tum, with coefficients that may vary with time, it is shown that the effect of the linear terms in the
Hamiltonian is just a spatial translation of the wave function and a change in its phase. The shifts
in position and phase can be expressed in terms of classical trajectories. This simple effect of the
linear terms is related to the fact that all moments about the centroid of the wave function evolve
independently of the linear terms.
PACS numbers: 03.65.-w
I. INTRODUCTION
Quadratic Hamiltonians have special properties and
the evolution of wave functions is closely related to clas-
sical mechanics. For example, any time dependence in
the Hamiltonian can be removed by a linear canonical
transformation and the propagator can be expressed in
terms of solutions of ordinary differential equations re-
lated to those of the classical motion.[1] Ehrenfest’s the-
orem shows that the centroid 〈xˆ〉 of any wave packet will
exactly follow a classical trajectory.
The subject of the present paper is the effect of the
linear terms in quadratic Hamiltonians, i.e. terms lin-
ear in position or momentum. A term linear in position
represents a spatially uniform force, such as gravity or a
uniform electric field. Bowman[2] has shown that the ef-
fect of such a term on the wave function of an otherwise
free particle is just a spatial displacement and a shift
in the phase. Here we extend that work to show that
there is just a shift in position and phase due to the lin-
ear terms in any quadratic Hamiltonian, with arbitrary
time-dependence in the coefficients in the Hamiltonian.
Thus, for example, if an harmonic oscillator is subject to
a force that does not vary with position but may vary
with time, then the wave function can be simply derived
from the wave function without the extra force.
That there should be a simple relation between the
wave functions with and without the linear terms was
strongly suggested by the result, discussed in Section IV,
that all moments relative to the centroid evolve indepen-
dently of any linear terms in the Hamiltonian. It is hard
to believe that this could happen without some simple
relation between the wave functions.
Ehrenfest’s theorem prescribes how 〈xˆ〉 and 〈pˆ〉 are af-
fected by the linear terms and we use this to determine
the shift in position and the shift in phase apart from
an added term β(t), which is then determined by insert-
ing the trial form of the wave function into Schro¨dinger’s
equation.
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II. TRANSFORMING SCHRO¨DINGER’S
EQUATION
The quadratic Hamiltonian has the form
Hˆ(pˆ, xˆ) =
1
2
apˆ2 +
1
2
b(pˆxˆ+ xˆpˆ) +
1
2
cxˆ2 + f pˆ+ gxˆ, (1)
where the coefficients a, b, c, f, g are real and may depend
on the time. The classical equations of motion are
dtx = ap+ bx+ f, −dtp = bp+ cx+ g. (2)
The spatial translation due to the linear terms, f and g,
is the same as the change in position of a classical parti-
cle. Due to the linearity of the equations of motion, the
differences x¯ and p¯ between a classical trajectory with
f and g and one without will also satisfy Eq.(2). There
can be no difference between the trajectories at time t0
when f or g are turned on. Therefore the shifts x¯ and p¯
required are the solutions to Eq.(2) with x¯(t0) = 0 and
p¯(t0) = 0. The change p¯ in momentum will be related to
the change in phase. If we assume that the wave func-
tion has the form ψ(x, t) = exp[ı θ(x, t)] Ψ(x− x¯, t), then
〈ψ|pˆ|ψ〉 = ~ ∂xθ + 〈Ψ|pˆ|Ψ〉 and therefore ~θ = p¯x− β(t).
Hence we insert a wave function of the form
ψ(x, t) = exp[
ı
~
(
p¯(t)x− β(t))] Ψ(ξ, t), (3)
where ξ = x− x¯(t), into Schro¨dinger’s equation
(−ı~∂t + Hˆ)ψ = 0 with pˆ = −ı~∂x. (4)
The result is that
[−ı~∂t + Hˆ(pˆx, x)]eı(p¯x−β)/~Ψ(x− x¯, t) = (5)
eı(p¯x−β)/~[−ı~∂t + Hˆ0(pˆξ, ξ)]Ψ(ξ, t),
where Hˆ0 is the Hamiltonian without the linear terms,
provided that dtβ =
1
2ap¯
2 − 12cx¯2 + f p¯. However, from
Eq.(2), dt(p¯x¯) = ap¯
2 − cx¯2 + f p¯− gx¯ and therefore
β(t) =
1
2
p¯(t)x¯(t) +
1
2
∫ t
t0
[f(t′)p¯(t′) + g(t′)x¯(t′)]dt′. (6)
2Thus, we have shown that
ψ(x, t) = exp[
ı
~
(
p¯(t)x − β(t))] Ψ(x− x¯, t) (7)
will satisfy Schro¨dinger’s equation with Hamiltonian Hˆ if
Ψ(x, t) satisfies Schro¨dinger’s equation with Hamiltonian
Hˆ0. Since Ψ(x, t0) = ψ(x, t0), the effect of the linear
terms in the Hamiltonian is just a shift of x¯ in position
and a shift of (p¯x− β)/~ in phase.
Example 1. A particle with a uniform force. If a
uniform force −g(t) is turned on at time t = t0 then the
wave function for t > t0 is
ψ(x, t) = exp[− ı
~
(G(t)x +
G2(t)
2m
)Ψ(x+
G1(t)
m
, t) (8)
where G(t) =
∫ t
t0
g(t′)dt′, G1(t) =
∫ t
t0
G(t′)dt′, G2(t) =∫ t
t0
G(t′)2dt′ and Ψ(x, t) is the wave function with no
force, i.e. the wave function for a free particle.
Example 2. An oscillator subject to a uniform force.
If a uniform force −g(t) is turned on at time t = t0 then
the wave function for t > t0 is
ψ(x, t) = exp[− ı
~
(
C(t)x+ β(t)
)
]Ψ(x− S(t)
mω
, t) (9)
where Ψ(x, t) is the wave function for the unforced
oscillator, S(t) =
∫ t
t0
g(t′) sinω(t − t′)dt′, C(t) =∫ t
t0
g(t′) cosω(t− t′)dt′, and
β(t) =
1
2mω
[S(t)C(t)−
∫ t
0
g(t′)S(t′) dt′]. (10)
III. MOMENTUM WAVE FUNCTION
In view of the similarity in the roles of position and
momentum in the Hamiltonian, it is to be expected that
the momentum wave function will also be affected by the
linear terms only through a displacement (in momentum)
and a phase shift. The momentum wave function corre-
sponding to the wave function ψ(x, t) is
φ(p, t) =
1√
2pi~
∫
∞
−∞
exp(− ı
~
px)ψ(x, t) dx. (11)
Inserting ψ from Eq.(7) and rearranging the exponent,
φ(p, t) =
e−ı(x¯p−γ)/~√
2pi~
∫
∞
−∞
exp[− ı
~
(p− p¯)ξ]Ψ(ξ, t) dξ
= e−ı(x¯p−γ)/~Φ(p− p¯, t), (12)
where Φ(p, t) is the momentum wave function without
the linear terms and
γ(t) =
1
2
p¯(t)x¯(t)− 1
2
∫ t
t0
[f(t′)p¯(t′) + g(t′)x¯(t′)]dt′. (13)
IV. MOMENTS IGNORE LINEAR TERMS
The simplest moments (relative to the centroid) are the
second order ones: ∆2x = 〈(xˆ − 〈xˆ〉)2〉, ∆2p = 〈(pˆ− 〈pˆ〉)2〉
and the correlation ∆xp = 〈pˆxˆ+ xˆpˆ〉−2〈pˆ〉〈xˆ〉. But there
are an infinite number of higher moments involving ex-
pectation values of higher powers of xˆ− 〈xˆ〉 and pˆ− 〈pˆ〉
and products of these. That 〈(xˆ − 〈xˆ〉)n〉 is indepen-
dent of f and g follows easily from the form of the wave
function in Eq.(7): 〈ψ|(x− 〈x〉)n|ψ〉 = 〈Ψ|(ξ − 〈ξ〉)n|Ψ〉.
Similarly for 〈(pˆ− 〈pˆ〉)n〉, using the form of the momen-
tum wave function. The moments that involve both xˆ
and pˆ are not so simple, and here the term p¯x/~ in the
phase is important. First verifying that (pˆx −〈pˆ〉ψ)nψ =
exp[ı(p¯x − β)/~](pˆξ − 〈pˆ〉Ψ)nΨ makes the calculation
straightforward.
The evolution of these moments can be analyzed in a
completely different way. For the quadratic Hamiltonian
in Eq.(1), the Heisenberg equations of motion have the
same form as the corresponding classical equations:
dtxˆ = apˆ+ bxˆ+ f, −dtpˆ = bpˆ+ cxˆ+ g, (14)
[In Schro¨dinger’s picture, the total time derivative[3] of
any operator Aˆ is dtAˆ = ∂tAˆ + ı~
−1[Hˆ, Aˆ] and Eq.(14)
follows. Then dt〈Aˆ〉 = 〈dtAˆ〉 and therefore the expecta-
tion values of position and momentum follow a classical
trajectory, which is Ehrenfest’s result for this system.]
For the moments, we need the deviations from the
expectation values. Thus we introduce the operators
Xˆ = xˆ− 〈xˆ〉 and Pˆ = pˆ− 〈pˆ〉 and then
dtXˆ = aPˆ + bXˆ, −dtPˆ = bPˆ + cXˆ. (15)
Thus the linear terms in the Hamiltonian are absent from
the equations of motion for the deviations. This implies
that the moments evolve in the same way whether the
linear terms are present or not.
To see how equation (15) determines the evolution of
the moments, consider the second-order moments:
dtXˆ
2 = a(Pˆ Xˆ + XˆPˆ ) + 2bXˆ2 (16)
dt(Pˆ Xˆ) = aPˆ
2 − cXˆ2 (17)
dtPˆ
2 = −2bPˆ 2 − c(Pˆ Xˆ + XˆPˆ ). (18)
The expectation values of these equations then gives
dt∆
2
x = 2a∆xp + 2b∆
2
x (19)
dt∆xp = a∆
2
p − c∆2x (20)
dt∆
2
p = −2b∆2p − 2c∆xp. (21)
This closed set of equations can be solved[4] for ∆2x, ∆xp,
and ∆2p in terms of their initial values, using a basis of
solutions of the classical equations of motion (without the
linear terms in the Hamiltonian), thus confirming that
these moments evolve independently of the linear terms.
This approach can be extended to the higher moments.[5]
3V. CONCLUSION
For quadratic Hamiltonians, dealing with any linear
terms is a simple matter: their only effect is to change
the position (by the same amount as for a classical par-
ticle) and to change the phase. The change in phase is
linear in position. The momentum wave function also suf-
fers only the classical shift in momentum and a change
in phase (linear in the momentum). These results are
consistent with the fact that all moments relative to the
centroid evolve independently of the linear terms in the
Hamiltonian.
It is well known[1, 4] that, for any quadratic, time-
dependent Hamiltonian, there are families of Gaussian
and Hermite-Gaussian wave packets that retain the shape
of |ψ|2 as they evolve, though they do change scale. In
general other wave packets do change shape (and scale),
but our result shows that they have the same shape and
scale that they would have without the linear terms.
The discussion given here for one spatial dimension
can easily be extended to higher dimensions provided the
second-order terms in the Hamiltonian are separable in
Cartesian coordinates.
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